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; where  is the Pauli matrix.
Let
^
	 be the non-relativistic second{quantized Bogoli-
ubov spinor wave function of quasiprotons in superuid
matter (Lifshitz & Pitaevskii 1980). For our purpose, it is












is the bare proton mass. Since the lower spinor 
p
is small
as compared to 
p






Further considerations are similar to those in Paper I, and
we omit the details.
The squared matrix elements of the interaction Hamil-













where jAi and jBi denote, respectively, initial and nal
states of the quasiproton system (e.g., Paper I). Direct
calculation shows that the tensor I

is diagonal, with




































(E + )=(2E) and v =
p
(E   )=(2E) are
the coeÆcients of the Bogoliubov transformation for an











are the same coeÆcients




. The general expression for the neutrino
emissivity Q
1
due to axial-vector proton interaction H
A
is readily given by Eq. (13) or (16) of Paper I, where c
V
has to be formally replaced by c
A












































In this case, ! and k are, respectively, energy and mo-
mentum of a neutrino pair (! = E + E
0







is the Fermi-Dirac distribution; in-
tegration over p and p
0






Since the proton Fermi liquid in NS cores is strongly




in all smooth functions un-
der the integral. The presence of energy gaps opens the re-
action kinematically in a small region of momentum space
where p is almost antiparallel to p
0
. This enables us to set
p
0
=  p in all smooth functions in the integrand. Then

































). After some transformations
described in Paper I we come to Eq. (20) of Paper I in
which again c
V
should be replaced by c
A
. Subsequent in-
tegration over p and p
0
is quite analogous, and nally we
come to the expression for Q
1
which can be obtained from





























, contribute to Q
1
, producing the rst
and second terms in square brackets in Eq. (5), respec-
tively. The relativistic correction to the neutrino emissiv-
ity due to singlet-state pairing of neutrons has been cal-
culated by Flowers et al. (1976). It should be the same







is the same. However, the expression
obtained by Flowers et al. (1976) contains only the sec-
ond term in square brackets in (5). Clearly the rst term
was overlooked.





























































































is saturation nuclear matter den-
sity.
One can see that the relativistic correction greatly ex-
ceeds the non-relativistic term under typical conditions
prevailing in the NS cores. Notice also that Eqs. (6) and
(7) neglect the relativistic corrections to Q due to vector
proton currents.
1
This is justied since the main term,
in our case, is numerically small and unimportant. In the
cases of any neutron pairing or triplet-state proton pairing
the non-relativistic term is not numerically small and all
relativistic corrections can be neglected, in practice.
The t expression of F (y) is (Paper I)






































where  = T=T
cp
< 1, and T
cp
is the superuid critical
temperature of protons. Equations (6) { (8) enable one to
calculate the neutrino emissivity Q.
Let us discuss the importance of neutrino emission due
to Cooper pairing of protons in superuid NS cores. For
illustration, we will adopt a moderately sti equation of
state proposed by Prakash et al. (1988) (the same version
as used in Paper I). We assume that dense matter consists
of neutrons, protons and electrons (no muons and hyper-
ons). The equation of state allows the direct Urca process
1
We have shown that inclusion of these corrections leads
formally to Eq. (1), where F is given by Eq. (2) but with addi-
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Fig. 1. Temperature dependence of neutrino emissivities
in npe matter at  = 2 
0
. The reactions are: modied
Urca (MU, sum of n and p branches), nucleon-nucleon
bremsstrahlung (NN, sum of nn, np and pp branches),
Cooper pairing of neutrons (CPn) and protons (CPp).
The emissivity from the latter reaction is shown twice,
in the non-relativistic approximation (dots), and with the
relativistic correction included (solid line).









the saturation nuclear matter density. Consider two den-
sities,  = 2 
0
and  = 5 
0
, as examples of the standard
neutrino cooling (direct Urca is forbidden) and the cooling
enhanced by the direct Urca process, respectively. The nu-
cleon eective masses will be set equal to 0:7 of the masses
of bare particles. Neutrons and protons are supposed to
form superuids (triplet-state neutron and singlet-state






We compare the neutrino emissivity due to pairing of
protons with those resulting from the main neutrino re-
actions in superuid NS cores: direct and modied Urca
reactions, nucleon-nucleon bremsstrahlung (as described
in Yakovlev & Levensh 1995 and Levensh & Yakovlev
1996), and Cooper pairing of neutrons (Paper I). Our anal-
ysis shows that the emission due to pairing of protons is







. In this case,
strong neutron superuidity greatly suppresses almost all
other neutrino reactions and Cooper pairing of protons
becomes dominant.
Figure 1 shows temperature dependence of the neu-









= 8  10
8
K. For T > T
cn
matter is nonsuperuid,
and the modied Urca reaction dominates. For lower T ,
neutrino emission due to neutron pairing becomes most












Fig. 2. Same as in Fig. 1 but for  = 5 
0
. Additionally,
direct Urca process (DU) is allowed.
the relativistic correction increases its eÆciency by a fac-
tor of about 10.
Figure 2 is the same as Fig. 1 but for  = 5 
0
. Now






K. However, in spite of its high eÆciency
in nonsuperuid matter, it is strongly suppressed at lower
T , so that the neutrino emission due to proton pairing
becomes dominant. The relativistic correction enhances
this process stronger than at  = 2 
0
, by a factor  30.
Concluding, the relativistic correction greatly en-
hances the neutrino emission due to proton pairing and
brings it closer to the neutrino production due to neutron
pairing. This is important for NS cooling.
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